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Question 1 (8 marks)

d
(a) Determine ay for the following functions. You do not need to simplify your answers.

() y=In(7x)-4/x.

(2 marks)
5
@iy y= [z + cosxj .
X
(2 marks)
(iii) v = (2x3 +7)(3+e6x).
(2 marks)
(b) Determine J(%C i 4) dx, x>0.
X
(2 marks)
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Question 2 (8 marks)

A company manufactures tofu blocks in two sizes: small blocks with a labelled
weight of 400 grams, and large blocks with a labelled weight of 600 grams.

(a) The weights of individual small blocks are known to be normally
distributed with a mean of 408 grams and a standard deviation of 6.9 grams.

Determine the probability that the weight of a randomly selected small block is more than its
labelled weight.

(1 mark)

(b) The weights of individual large blocks are known to be normally distributed with a mean
of 624 grams. The company knows that the proportion of large blocks that weigh more than their
labelled weight is 0.987.

Using the standard normal distribution (i.e. Z ~ N(O,l)), determine the standard deviation of the
weights of individual /arge blocks.

(3 marks)

(c) Which size of block (small or large) is more likely to weigh /ess than its labelled weight?

(1 mark)
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Small tofu blocks are sold in boxes. Each box contains 25 randomly selected small blocks.

(d) (i) Show that the mean and standard deviation for the net weight of a randomly selected box is
10200 grams and 34.5 grams respectively.

(2 marks)

(i) Hence, determine the probability that the net weight of a randomly selected box is /ess than
10 kilograms (i.e. 10000 grams).

(1 mark)
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Question 3 (10 marks)

1
Consider the function f(x)=— EXS —2x+20 where x> 0. The graph of y = f(x) is shown

in Figure 1 along with a shaded region. The shaded region is bounded by y = f(x), the x-axis,
the y-axis, and the vertical line x =1.

y
20 4»\
T
10 +
& i } } > x

Figure 1

Let U, represent an upper estimate of the area of the shaded region using two rectangles of
equal width.

(a) On Figure 1, draw two rectangles of equal width that could be used to calculate U, .
(1 mark)

(b) Calculate the value of U,.

(2 marks)
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(c) Determine f"'(x).

(2 marks)

Let L, represent a lower estimate of the area of the shaded region using two rectangles of equal width.

(d) (i) Which one of the following statements could be used to justify that U, is a better
approximation for the area of the shaded region than L,?

Tick the appropriate box to indicate your answer.

f(x)>0for 0<x<1

f'(x)<0for0<x<1

f"(x)<0for0<x<1

(1 mark)

(ii) Justify your answer.

(1 mark)

(e) Using an algebraic approach, determine the exact area of the shaded region shown in Figure 1.

(3 marks)
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Question 4 (9 marks)

Cat Eyes is an arcade game where players try to guess correctly which
direction an animated cat will look. The cat can look in four possible directions:

up, down, left, or right.

After a player has guessed, the cat looks in one of these directions.

A player’s guess is correct if it matches the same direction that the cat looks.
A game consists of five independent guesses.

ol

Source: adapted from
© Guiseppe Ramos
© alashi | istockphoto.com

(a) A player makes the following assumptions when guessing:

« the cat looks in one of the four directions at random
« the probability that the cat looks in each of these directions is equally likely.

Let X represent the number of correct guesses when playing a game. When using the
assumptions stated above, X can be modelled using a binomial distribution.

(i) Show that E(X)=1.25.

(1 mark)

(i) Determine the probability of zero correct guesses in a game.

(1 mark)

(iii) A player wins a prize if they make more than k correct guesses in a game.

Using the binomial distribution, the probability of winning a prize is calculated to be 0.1035
(correct to four significant figures).

Determine the value of k.

(2 marks)
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(b) After playing many games, the player suspects that the probability of winning a prize is less
than anticipated (i.e. less than the probability of winning a prize when calculated using the

binomial distribution).

To test their suspicions, they play 1000 games in which they win a prize 80 times.

(i) Determine the sample proportion of games in which they won a prize.

(1 mark)

(i) Construct a 95% confidence interval for the population proportion of games which win a prize.

(2 marks)

(iii) (1) Does the confidence interval calculated in part (b)(ii) support the player’s suspicions with

95% confidence?

Tick the appropriate box to indicate your answer.

Yes

(2) Tick the appropriate box to justify your answer.
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No
(1 mark)

The upper bound of the confidence interval is less than 0.08.
The upper bound of the confidence interval is less than 0.1035.
The upper bound of the confidence interval is less than 0.25.

The upper bound of the confidence interval is less than 0.95.

(1 mark)
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Question 5 (7 marks)

Consider the function f(x) for 0 < x <3. Figure 2 shows a graph of the derivative off(x),
(i.e. y = f'(x) with x-intercepts at x =0, x =1, and x = 2).

y

Figure 2

(a) Complete the sign diagram below for /*(x).

/(%)
I f f I X
0 ! 2 3
(1 mark)
(b) State the value(s) of x where f(x)is increasing.
(1 mark)
(c) Which one statement is true? Tick the appropriate box to indicate your answer.
7(0)<r(1)
7(0)=r(1)
7(0)>7(1)
(1 mark)
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(d) Figure 3 shows an incomplete graph of y = f"(x).
On Figure 3, sketch a possible graph of y = f”(x) for1<x<2.2 (i.e. in the non-shaded region).

y

A

Figure 3
(2 marks)

(e) Figure 4 shows an incomplete graph of y = f/(x).
On Figure 4, sketch a possible graph of y = f(x) for 0 < x <1 (i.e. in the non-shaded region).

y

/'Y=f(x)
[¢ + + + + + + + + + + + {

Figure 4
(2 marks)
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Question 6 (8 marks)

Haz Finder is a wheeled autonomous robot that drives over land to investigate locations with
hazardous substances, collecting samples of substances where possible.

Figure 5 shows a cross-section of a valley with a hazardous substance located at point O (the lowest
point of the valley) and Haz Finder located at point H.

H

o

Figure 5

If the origin of the Cartesian plane is located at O, the valley can be modelled by the function

ye 8x?2
x2 +20

for -20 < x <20,
where x and y represent the horizontal and vertical displacement measured in metres from O
respectively. A graph of this function is shown in Figure 6 where the x-coordinate of point H is x = —15.

y
H A

20 ~10 0] 10 20

Figure 6

320x

(a) Show that Y =—.
(x* +20)

(2 marks)
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(b) Haz Finder cannot drive on land that has a slope of less than —1.

Calculate the minimum value of jﬁ to confirm that Haz Finder cannot drive from H to O.

(1 mark)

As Haz Finder cannot drive from H to O to collect a sample, it will instead take a photograph of the
hazardous substance at a point before the land gets too steep. Figure 7 shows the position of this
point, 4, with x-coordinate x = a.

2

The line through 4 and O is the tangent to y = at x =a, where a < 0.

x* +20
y
H Y
A
: : : : > x
-20 -10 a O 10 20
Figure 7
(c) Using an algebraic approach, determine the exact value of a.
(5 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 6(a) continued).

page 14 of 14 — end of booklet
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Question 7 (6 marks)

The Total Daily Energy Expenditure (TDEE), measured in calories, is the amount of energy a person
uses per day.

The TDEE of individuals, X, can be modelled by the probability density function

12—kx—e(12_kx)
( )

f(x) =ke
where k =0.006, and E(X) = 2100 calories (correct to three significant figures).

2000

(@) (i) The integral expression f f(x) dx can be used to approximate Pr(X < 2000).
0

Using this approximation, calculate Pr(.X <2000).

(1 mark)
(i) Arecent article categorises individuals with a TDEE in the lowest 25% of the population as

living a sedentary lifestyle.

If an individual in the study has a TDEE of 2000, are they considered to be living a sedentary
lifestyle, according to the article’s categorisation?

Justify your answer.

(2 marks)

(b) Determine the probability that a randomly chosen individual will have a TDEE less than the
population mean.

(1 mark)
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Fidgeting is a term used to describe minor movements, typically involving the hands and feet.
Observations have led researchers to claim that:

‘The population mean TDEE of individuals who fidget is more than 2109.5 calories.’

(c) Twenty-five randomly chosen individuals who fidget had their TDEE recorded, and a
99% confidence interval was calculated using the data.

(iy State the smallest possible value of the lower limit of the calculated confidence interval, given

that it could be used to support the researchers’ claim with 99% confidence.

Give your answer correct to the nearest calorie.

(1 mark)

Assume that your answer to part (c)(i) was the lower limit of the calculated confidence interval.

(ii) If the width of the calculated confidence interval was 168, determine the sample mean TDEE
of the twenty-five randomly chosen individuals who fidget.

(1 mark)
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Question 8 (11 marks)

(a) In adice game, players repeatedly roll an unbiased six-sided dice until they roll a 1, upon which
the game ends. Players receive 1 point for each roll of the dice.

For example, if a game resulted in the five rolls shown in Table 1, a player would receive a total of
5 points.

(i)

(ii)

Table 1

Roll 1 Roll 2 Roll 3 Roll 4 Roll 5

(1) Explain why the total number of points a player receives in a game cannot be modelled
using a binomial distribution.

(1 mark)

(2) Explain why it is not possible for a player to receive a total of 0 points in a game.

(1 mark)
The total number of points, X, a player receives in a game can be modelled by the
probability mass function
x-1
5 1
Pr(X,=x)=| - —
(Xe=x) @ (6)
where x is a positive integer.
(1) Determine the probability that a player receives a total of exactly 2 points.
(1 mark)
(2) Determine the probability that a player receives a total of 5 or 6 points.
(2 marks)
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(b) If the six-sided dice from the game in part (a) was replaced with an unbiased n-sided dice (n > 2)
and all other conditions remained unchanged, the total number of points, X, a player receives in

a game can be modelled by the probability mass function

2] )

(i) Consider a game where an unbiased ten-sided dice is used.

where x is a positive integer.

Determine the probability that a player receives a total of 2 points or fewer, when using
this dice.

(2 marks)
(i) (1) Consider a game where an unbiased n-sided dice is used. If the probability of
- . .39 . 39
a player receiving a total of 2 points or fewer is — (i.e. Pr(X,K <2)=—),
Py ? P 400 ( (¥, <2) 400)
show that 397% — 8007 + 400 = 0.
(3 marks)
(2) Hence or otherwise, state the value(s) of n.
(1 mark)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 8(b)(ii) continued).
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Question 9 (8 marks)

Consider the function f(x)=sinx, where 0<x<27.

Agraph of y = f'(x) is shown in Figure 8, along with two shaded regions bounded by f (x) and
the x-axis. Each region has an area of 2 square units. The regions are also identically shaped and
symmetric about a vertical line through each of the stationary points.

y

Figure 8

2z

(a) State the value ofj f(x) dx.
0

(1 mark)

(b) State the value of  that maximises the value off f(x)dxfor0<a<2r.
0

(1 mark)

Question 9 continues on page 8
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Recall that f'(x)=sinx, where 0 <x <27.

Figure 9 shows the graph of y = f(x), along with two linear functions, y = g(x) and y = h(x) both for
0<x <2x. These linear functions have the following properties as shown in Figure 9:

» g(x)intersects f(x)at B, (7,0), and P,
« h(x)intersects f(x)at R and P, and is horizontal.

Various regions are bounded between the lines, the curve, the x-axis, and x =27. Some of these
regions are labelled as 4, B, C, D, E, and F, as shown in Figure 9.

Note: the x-coordinates of /4, £, and B are p,, p,, and p, respectively.

y

Figure 9

It is known that the area of:

* region A4 is 1 square unit
 region Cis 0.566 square units (correct to three significant figures)
* region D is 1.20 square units (correct to three significant figures).

(c) State the area of region B.

(1 mark)

2

(d) Evaluatej (h(x)- £ (x))dx.

Py

(1 mark)
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(e) Write an expression using integrals and two of the functions given on page 8 that could be used to
find the area of region F.

(2 marks)
(f) Which one statement is true? Tick the appropriate box to indicate your answer.
r2
(f(x)=h(x))dx>0
JO
r2
(f (x)=h(x)) dr=0
Jo
r2r
(f(x)=h(x))dx<0
70 (1 mark)
(9) Let n(x) be a horizontal line for 0 < x < 27 such that
2 2
| r@mat)a==] (r)-h() av.
On the axes in Figure 10, sketch a graph of y =n(x).
y
/()
‘ N i h(x)
/ o
T 2w
g(x)
Figure 10
(1 mark)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 9(e) continued).
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Question 10 (12 marks)

Consider the function /' (x)=100 In(2x —sin2x), where x >0 and f"(x) >0 for all x > 0.
Let 4, represent the k™ closest stationary point of f (x) to the origin, where £ is a positive integer.

The graph of y = f'(x) is shown in Figure 11 with the three closest stationary points to the origin
labelled 4,, 4,, and A4,.

>

Figure 11

(a) Determine f'(x).

(2 marks)

(b) Using an algebraic approach, show that the exact x-coordinate of 4, is x = k.

(2 marks)
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(c) Figure 12 shows a section of the graph of the function y = f'(x), where f'(x)=100 In(2x —sin2x)
located around consecutive stationary points 4, and 4, ,, for some value of k.

The labelled distances between 4, and 4, ., are:

* d,, the shortest distance
* v,, the vertical distance
* h,, the horizontal distance.

Figure 12

The following conjecture is made:

The vertical distance between the consecutive stationary points 4, and 4, ., is
+1
v, =100 ln(kkj.

(iy Prove the given conjecture.

(4 marks)
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(i) (1) Hence, determine a formula for d,, in terms of 7 and the variable k.

(1 mark)

(2) Hence, determine the smallest value of k such that d, <3.50.

Give evidence to support your answer.

(3 marks)
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Question 11 (13 marks)

The family of functions known as hyperbolic functions are expressed using the following notation:

eX _e*x ex +€7x X

sinhx e —e

sinhx =—— coshx=——— tanh x =
2 2 coshx e"+e”
Figure 13 shows the graph of y =sinhx.
y
10
5__
] x
-5 1 5
=5
~10
Figure 13

(@) On Figure 13, add a sketch of the graph of y = cosh x.
(2 marks)
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One reason for expressing hyperbolic functions using the notation on page 14 is that their derivatives
follow a similar (but not identical) pattern to trigonometric functions. Two examples of the relationship

between hyperbolic functions and their derivatives are shown in Table 2.

Table 2
Relationship 1 Relationship 2
If y =sinhx, If y =coshx,
d
& _ coshx d—yzsinhx
dx dx
(b) Athird relationship is shown in Table 3.
Table 3
Relationship 3
If y =tanhx,
dl B 1
dx  (cosh x)2

Show that Relationship 3 is valid.

You may assume that Relationship 1 and Relationship 2 are valid when constructing your answer,

if required.
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Recall that hyperbolic functions are expressed using the following notation:

X —X X -

—e e +e
coshx=——— tanhx = —
2 2 coshx e"+e

X X

: e sinhx e'—e
sinhx = =

X

Additionally, recall the following relationships in Table 4:

Table 4
Relationship 1 Relationship 2 Relationship 3
If y =sinhx, If y=coshx, dlfyztanhx,
d dy __ 1
& _ coshx Ey =sinhx dr (coshx)2

(c) Consider the function f'(x)=13tanhx+10 In(coshx).

_ 10coshx —26sinh x

(i) Show that /"(x) (cosh )3
X

(4 marks)
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(i) The function f(x) has one point of inflection.

Using an algebraic approach and your answer to part (c)(i), determine the exact x-coordinate
of the point of inflection.

Express your answer in the form x =In (ZJ where a and b are integers.

(4 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 11(c)(i) continued).

page 18 of 18 — end of booklet









MATHEMATICAL METHODS FORMULA SHEET

Properties of derivatives
(1@ 8®)=r g+ (')
d(f(X)J _ S (x)g(x)-f(x)g'(x)
dr{ g(x) [¢()T

(@)= () ()

Quadratic equations

—b+b* —4ac

2a

If ax*+bx+c=0 then x=

Discrete random variables
The mean or expected value of a discrete random

variable is:
Hy = Z xp(x),

where p(x) is the probability function for achieving
result x.

The standard deviation of a discrete random
variable is:

ox =Xl ] p(x),

where 1, is the expected value and p(x) is the
probability function for achieving result x.

Bernoulli distribution

The mean of the Bernoulli distribution is p, and the
standard deviation is:

Jp(1-p).

Binomial distribution

The mean of the binomial distribution is np, and the
standard deviation is:

an(l—p),

where p is the probability of success in a single
Bernoulli trial and 7 is the number of trials.

The probability of k£ successes from n trials is:
Pr(X =k)=Clp* (1-p)"™",

where p is the probability of success in the single
Bernoulli trial.

Population proportions

The sample proportion is p = £ ,
n

where a sample of size n is chosen, and X is the
number of elements with a given characteristic.

The distribution of a sample proportion has a mean
of p and a standard deviation of

p(l=p)

The upper and lower limits of a confidence interval
for the population proportion are:

> =
P p( p)SpSf)+z p(1=p)
n

where the value of z is determined by the confidence
level required.

Continuous random variables

The mean or expected value of a continuous random
variable is:

Hy = Txf(x)dx:

where f(x) is the probability density function.

The standard deviation of a continuous random
variable is:

o - T[x—#xrfmdx.

where f(x) is the probability density function.

Normal distributions

The probability density function for the normal
distribution with mean u and standard deviation o is:

f(x) _ Le_%[%) ]

All normal distributions can be transformed to the
standard normal distribution with =0 and o = 1 by:

X—p
.

7 =

Sampling and confidence intervals
If X is the sample mean of a sufficiently large sample,
and o is the population standard deviation, then the
upper and lower limits of the confidence interval for
the population mean are:

(e} (e2

X—7——=SUus<x+z——,

Jn Jn
where the value of z is determined by the confidence
level required.

This formula sheet will be provided in examinations from November 2022. © SACE Board of South Australia.
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