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Question 1 (9 marks)

Let X be a normally distributed random variable with a mean of i =54 and a standard deviation
of 0 =6.

(a) Determine

(i) Pr(50<.Xx <52).

(1 mark)
(i) Pr(X >58).
(1 mark)
(b) Given that Pr(X > k) =0.10, determine the value of k.
(1 mark)
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Figure 1 shows the graph of the probability density function for the random variable X. The dashes on
the x-axis show increments of one standard deviation.

Figure 1

(c) On Figure 1, write a number in each box to provide a scale for the x-axis.
(2 marks)

(d) Let X, be the random variable representing the sample mean of 4 independent observations of X.

(iy State the mean and standard deviation of )?4.

(2 marks)

(i) On Figure 1 above, sketch the probability density function for the random variable )?4.
(2 marks)
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Question 2 (9 marks)

Car A and Car B are toy cars powered by compressed

carbon dioxide. After they are released from a starting

point, the cars travel only forwards in a straight line, This image has been removed
and are observed for exactly 2 seconds. for copyright reasons.

Car A's velocity ¢ seconds after it is released, v, (7),
can be modelled using the function

_ 1.5¢
vi(1)=3e"" -3 Source: adapted from © LEAP Australia |

; ; : .computationalfluiddynamics.com.
where v, (7) is measured in metres per second and ¢ is www.computationalfiuiddynamics.com.au

measured in seconds for 0 <¢ <2,

(a) Determine Car A’s velocity 1 second after it is released.

(1 mark)

(b) Lets, (t) be a function that models the displacement of Car A from the starting point / seconds
after it is released.

(i) Show that s,(#)=2¢"" —3¢—2. Assume that s,(0)=0.

(2 marks)

(i) Hence or otherwise, determine the displacement of Car A from the starting point 2 seconds
after it is released.

(1 mark)
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The graph of y =v,(¢) is shown in Figure 2.
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Figure 2

Car B’s velocity ¢ seconds after it is released, v, (t) can be modelled using the function
vy (1) =6.61" +8¢

where v, (t) is measured in metres per second and ¢ is measured in seconds for 0 <7< 2.

(c) On Figure 2 above, sketch the graph of y = v, (7).
(2 marks)

(d) For what values of ¢ was the velocity of Car A greater than the velocity of Car B?

(1 mark)

(e) Which car, Car A or Car B, do the models suggest has travelled the furthest during the 2 seconds
that they are observed? Justify your answer.

(2 marks)
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Question 3 (6 marks)

Consider the function /' (x)=In(x+3) where x >-3. A graph of y = f(x) is shown in Figure 3.

>

:

v

Figure 3

(a) Determine f"(x).

(1 mark)

(b) Calculate f7(0).

(1 mark)
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Let g(x)=>bIn(x+3), where x> -3 and b is a positive constant.

Figure 4 shows the graph of y = f/’(x)and y = g’(x). The y-intercepts of each graph are labelled
A and B respectively.

5 gy

Figure 4

(c) The vertical distance between points A and B is 2 units. Determine the value of b.

(3 marks)

(d) Hence or otherwise, state the transformation applied to f (x) to obtain g(x).

(1 mark)
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Question 4 (12 marks)

(a) Consider a scenario where a random sample size of 100 is taken and 23 successes are observed.

(i) Fillin the boxes below to form a 95% confidence interval for the population proportion of
successes, p.

IA
S
IA

(1 mark)

(i) Does the confidence interval calculated in part (a)(i) contradict the statement that p = 0.35
with 95% confidence? Tick the appropriate box to indicate your answer.

Yes No (1 mark)

(i) Justify your answer to part (a)(ii).

(1 mark)
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(b) A mathematician is demonstrating that not all calculated confidence intervals will contain the
population proportion being investigated.

The mathematician uses a population that is known to have a population proportion of 0.35.
They take 50 independent, randomly generated samples of size 100 and calculate 50 independent
95% confidence intervals.

Figure 5 shows these confidence intervals as vertical lines, where the vertical position of the
endpoints of each line represents the limits of each confidence interval. Each confidence interval
has been assigned a label from 1 to 50.

The population proportion of 0.35 is represented as a horizontal dashed line.
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Figure 5
(iy Identify the assigned labels of the three confidence intervals that do not contain the
population proportion.
(1 mark)
(ii) Identify the assigned label(s) of the confidence interval(s) that could be used to support a
claim that the population proportion is greater than 0.35.
(1 mark)
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When a 95% confidence interval for a population proportion is to be calculated using a random
sample of sufficient size, there is a probability of 0.05 that the confidence interval will not contain the
population proportion.

(c) Let X be the number of 95% confidence intervals that will not contain the population proportion
out of 100 independent 95% confidence intervals to be calculated.

(i) Assuming that X can be modelled using a binomial distribution, fill in the boxes below to show
the value of the parameters of X.

]
(2 marks)

(i) If 100 new, independent 95% confidence intervals are to be calculated, determine the
probability of observing:

(1) exactly five 95% confidence intervals that will not contain the population proportion.

(1 mark)

(2) atleast one 95% confidence interval that will not contain the population proportion.

(1 mark)

(d) Determine the minimum number of independent 95% confidence intervals that would need to be
calculated to have a greater than 0.5 probability of having at least one 95% confidence interval
that will not contain the population proportion.

(3 marks)
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Question 5 (5 marks)

Consider the function f'(x)= , where x # 2.

x—2

(a) Use first principles to find f"(x).

(4 marks)

(b) Hence or otherwise, state the slope of the tangent to f(x) when x =6.

(1 mark)
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Question 6 (12 marks)

A company produces bags of sand which are sold with a labelled
net weight of 400 grams. The machine that fills these bags has a
stopping mechanism that is designed to stop adding sand when
the net weight of the sand in a bag first reaches 400 grams. / no-Flood
However, sand often escapes the stopping mechanism, resulting [ ABSORBENT
in bags containing excess sand. ‘ SAND
The net weight, in grams, of the sand in the bags, X, can be 400g
modelled by the probability density function
k A—
X)=—
flx)=~

Source: adapted from

. " © klyaksun | vecteezy.com
where 400 < x <440 and k is a positive constant.

1

(a) Use an algebraic approach to show that & = ER
ni.

(3 marks)
c a0 "
b) (i aIcuIatef —_—
®) @ 400 (lnl.l)x
(1 mark)
(ii) Interpret your answer to part (b)(i) in the context of the problem.
(1 mark)
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40
(c) Show that the mean of X'is u :ﬁ grams.
nl.

(3 marks)

(d) The company alters the stopping mechanism in order to reduce the amount of excess sand in
the bags.

After the stopping mechanism has been altered, they take a random sample of 25 bags of sand
and find that the mean net weight of the sand in these bags is 417 grams. Assume that the
standard deviation is o, =11.5 grams and the sample size is large enough for the central limit
theorem to apply.

(i) Calculate the 99% confidence interval for the mean net weight of the sand in the bags after
the stopping mechanism was altered.

(2 marks)

(i) The company claims that after the stopping mechanism was altered, the mean net weight
of the sand in the bags has reduced. Does the confidence interval calculated in part (d)(i)
support this claim with 99% confidence? Justify your answer.

(2 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 4(d) continued).

page 14 of 14 — end of booklet
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Question 7 (10 marks)

1
Consider the function f'(x)=—.
X

(a) Use an algebraic approach to determine the equation of the tangent to f(x) atx=1.

(3 marks)

(b) Determine the x-intercept of this tangent.

(1 mark)
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Consider the function g(x) =— , Where k is a non-negative constant. The x-intercept of the

X +k
tangent to g (x) at x =1 is shown in Table 1 for various values of £.

Table 1
k 1 2 3 4
1 1 1 1
g(x) 4l | P42 | P43 P44
x-intercept of the tangent (2,0) 20 (3,0) 7o
to g(x)atx=1 ’ 2’ ’ 2’

atx=1.

(c) Make a conjecture about the x-intercept of the tangent to g(x) ==

x +k

(1 mark)

(d) Prove or disprove the conjecture that you made in part (c).

(5 marks)
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Question 8 (12 marks)

Park-o-Rama is a multi-storey 24-hour parking garage. On a day
in 2024, ¢ hours after midnight, the rate at which vehicles:

+ enter Park-o-Rama can be modelled by the function £/(7)
+ leave Park-o-Rama can be modelled by the function L (7).

Both E(7) and L(¢) are measured in vehicles per hour for
0<t<24, and Park-o-Rama contains no vehicles when ¢ =0.

Graphs of y = E(Z) and y = L(t) are shown in Figure 6. Source: adapted from © s99 | iStock.com
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Figure 6

The t-coordinates of the labelled points and the values of various integral expressions are shown in
Table 2. Assume that £, P,, B, and P, are stationary points.

Table 2
Point £, A b B b 5 B
t;, the t-coordinate of P, 8 10 13 15 17 24
f : E(r)dt 130 | 230 | 347 | 429 | 462 | 471
f;iL(t)dz 40 | 96 | 177 | 227 | 298 | 406
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(a) (i) Itis known that E(9) =50.6. State the meaning of this result in the context of the problem.

(2 marks)

(i) Use the information given on page 4 to determine:

(1) how many hours after midnight vehicles were leaving Park-o-Rama at the maximum rate.

(1 mark)
(2) how many vehicles entered Park-o-Rama during the 24-hour period.

(1 mark)
(3) how many vehicles left Park-o-Rama during the final 7 hours of the day.

(1 mark)

(iii) The maximum number of vehicles in Park-o-Rama was 202. How many hours after midnight
did this occur?

(1 mark)
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(b) Recently, more people have started driving electric vehicles (EVs).
In 2024, one study found that:

* non-EVs have an average weight of 2.25 tonnes
» EVs are 36% heavier than non-EVs
» 7% of vehicles are EVs.

(i) Use the information given above to complete Table 3.

Table 3
Non-EVs EVs
Weight (tonnes) 2.25
Proportion of vehicle type 0.07

(2 marks)
Let X represent the weight in tonnes of a randomly selected vehicle in 2024.

(if) Use the information in Table 3 to show that X has a mean of i, =2.31tonnes (correct to
three significant figures).

(1 mark)

The engineers working for Park-o-Rama are studying the day considered on page 4. They would
be concerned if the total weight of vehicles in Park-o-Rama exceeds 475 tonnes with a probability
greater than 0.005 at any point during the day.

(iii) Determine whether the engineers would be concerned.

Assume that your chosen sample size is large enough for the central limit theorem to apply,
the vehicles in Park-o-Rama constitute a random sample of vehicles, and that the weights of
the vehicles, X, have u, =2.31 and o, =0.207 tonnes.

(3 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 8(b)(iii) continued).
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Question 9 (12 marks)

(a) Consider the functions f(x)=e" —4e** and g(x)=e>* —4e”". Figure 7 shows the graph of
y= f(x) and Figure 8 shows the graph of y = g(x) with the stationary point of each function

labelled as P and Q respectively.

P
e

<€

/(%)

Figure 7

)

Figure 8

Complete Table 4 below by finding the y-coordinates of P and Q.

Table 4

Point

y-coordinate

(b) Consider the function y = ™ —4¢** where a is a positive constant such that a # 2.

(i) Show that the x-coordinate of the only stationary point of y = e™ —4e** is x =

page 8 of 14

(2 marks)

! ln[gj.
2 a

a—

(4 marks)



2

(i) (1) Show that the y-coordinate of the stationary point of y = e™ —4e** is y = 4(8ja_2 [2 — aj.
a a

(4 marks)

(2) Determine the values of a for which the y-coordinate of the stationary point of the
function y = e™—4e*" is positive. Justify your answer.

(2 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 9(b)(ii)(1) continued).
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Question 10 (13 marks)

Consider the function f(x)=e “*" for 0 <x <27 with derivative /"(x)=e “*"sinx.

Figure 9 shows the graph of y = f(x) and y = f’(x). The two functions touch at P.

y

Figure 9

(a) Use an algebraic approach to determine the exact x-coordinate of P.

(3 marks)
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Recall that /'(x)=e *** for 0 < x <27 with derivative f(x)=e **"sinx.

(b) (i) Showthatf”(x)=e‘°°”(—cos2x+cosx+1).

Note that cos” x +sin’ x =1.

(2 marks)

(i) Hence, use an algebraic approach to determine the values of x such that /" (x) = f'(x).

(3 marks)
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Figure 10 shows the graph of y = /'(x) and y = /" (x), which intersect when x = k and at one other

point. The two distinct regions enclosed between the two functions from x = k to x =27 are denoted as
A and B, as shown in Figure 10. The areas of these regions are measured in units squared.

y

)
A
=

Figure 10

(c) Use part (a) and part (b)(ii) to explain why k = %

(1 mark)

(d) Use an algebraic approach to determine the exact difference in area between region 4 and
region B.

(4 marks)
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You may write on this page if you need more space to finish your answers to any of the questions in
this question booklet. Make sure to label each answer carefully (e.g. 10(d) continued).

page 14 of 14 — end of booklet









MATHEMATICAL METHODS FORMULA SHEET

Properties of derivatives
(1@ 8®)=r g+ (')
d(f(X)J _ S (x)g(x)-f(x)g'(x)
dr{ g(x) [¢()T

(@)= () ()

Quadratic equations

—b+b* —4ac

2a

If ax*+bx+c=0 then x=

Discrete random variables
The mean or expected value of a discrete random

variable is:
Hy = Z xp(x),

where p(x) is the probability function for achieving
result x.

The standard deviation of a discrete random
variable is:

ox =Xl ] p(x),

where 1, is the expected value and p(x) is the
probability function for achieving result x.

Bernoulli distribution

The mean of the Bernoulli distribution is p, and the
standard deviation is:

Jp(1-p).

Binomial distribution

The mean of the binomial distribution is np, and the
standard deviation is:

an(l—p),

where p is the probability of success in a single
Bernoulli trial and 7 is the number of trials.

The probability of k£ successes from n trials is:
Pr(X =k)=Clp* (1-p)"™",

where p is the probability of success in the single
Bernoulli trial.

Population proportions

The sample proportion is p = £ ,
n

where a sample of size n is chosen, and X is the
number of elements with a given characteristic.

The distribution of a sample proportion has a mean
of p and a standard deviation of

p(l=p)

The upper and lower limits of a confidence interval
for the population proportion are:

> =
P p( p)SpSf)+z p(1=p)
n

where the value of z is determined by the confidence
level required.

Continuous random variables

The mean or expected value of a continuous random
variable is:

Hy = Txf(x)dx:

where f(x) is the probability density function.

The standard deviation of a continuous random
variable is:

o - T[x—#xrfmdx.

where f(x) is the probability density function.

Normal distributions

The probability density function for the normal
distribution with mean u and standard deviation o is:

f(x) _ Le_%[%) ]

All normal distributions can be transformed to the
standard normal distribution with =0 and o = 1 by:

X—p
.

7 =

Sampling and confidence intervals
If X is the sample mean of a sufficiently large sample,
and o is the population standard deviation, then the
upper and lower limits of the confidence interval for
the population mean are:

(e} (e2

X—7——=SUus<x+z——,

Jn Jn
where the value of z is determined by the confidence
level required.
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